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I. INTRODUCTION 

P a r t i a l  arc s e l f - a c t i n g  bear ing pads are o f t e n  used t o  overcome 

ro to r -bea r ing  i n s t a b i l i t y .  I n  such app l i ca t ions  , depending on the  

s p e c i f i c  design requirements ,  the  bearing may be cons t ruc ted  e i t h e r  of  

a s i n g l e  f ixed  pad, of s eve ra l  f i xed  pads (mult i - lobe bear ing) ,  o r  of  

several p ivoted  o r  f l e x i b l y  supported shoes. The v i t a l  des ign  informa- 

t i o n  c o n s i s t s  of  both the  s t a t i c  and time dependent f l u i d  f i l m  fo rces  
of eacll --I- w i i i c n  - -1- u l i i m a t e i y  decermines the  ioad ca r ry ing  c a p a c i t y  

of t he  bear ing  and the  s t a b i l i t y  c h a r a c t e r i s t i c s  of t h e  ro to r -bea r ing  

system. 

An important a p p l i c a t i o n  of the  p a r t i a l - a r c  type bear ings  i s  the  

s e l f - a c t i n g  gas jou rna l  bear ings  operat ing i n  a h igh  ambient p re s su re .  

Here the  l a te ra l  u n i t  load on the  journal  bear ings  i s  extremely s m a l l  

so t h a t  Half-Frequency a i r 1  i n s t a b i l i t y  i s  l i k e l y  t o  occur  f o r  p l a i n  

c y l i n d r i c a l  j ou rna l  bear ings.  Under t h i s  condi t ion ,  t he  bea r ing  com- 

p r e s s i b i l i t y  number, A, i s  always ve ry  small, thus,  it i s  convenient  

t o  so lve  t h e  l u b r i c a t i o n  problem by an expansion of  t he  f l u i d  f i l m  

p res su re  i n  terms of a power series i n  A [SI. 
of  t h i s  expansion a c t u a l l y  g ives  t h e  same equat ion  a p p l i c a b l e  t o  an 

incompressible  l u b r i c a n t .  The h ighe r  order e f f e c t s  are concerned with 

equa t ions  of  i nc reas ing  complexity,  but  a r e  neve r the l e s s  a l l  l i n e a r .  

* 

me f i r s t  o r d e r  e f f e c t  

So lu t ion  of these  equat ions  i s  no simple matter because oi the  

v a r i g b l e  c o e f f i c i e n t s .  

t o  so lve  the  s teady  s ta te  Reynolds equation f o r  a v a r i e t y  of  bear ing  

conf igu ra t ions .  The present  paper extends t h i s  method t o  cons ider  both 

time-dependence and h ighe r  o rde r  e f f e c t s  of A. Under the  assumptions 

made h e r e i n ,  t h e  r e s u l t s  a l s o  may be appl ied t o  t h e  c a l c u l a t i o n . o f  

c r i t i c a l  speed, r o t o r  response 171, as w e l l  as the  s t a b i l i t y  of  f l e x i b l e  

r o t o r s .  

Tanner [l] h a s  appl ied the  method of Galerkin 

*Half-Frequency Whirl - A s p e c i a l  ca se  of i n s t a b i l i t y  g e n e r a l l y  a s s o c i a t e d  
wi th  s e l f - a c t i n g  jou rna l  bear ings.  This  i n s t a b i l i t y  occurs  when t h e  jou rna l  
speed r eaches  a c r i t i ca l  value.  The journal  a x i s  w h i r l s  a t  a frequency of 
one-half  o r  n e a r l y  one-half  of t he  journa l  speed i n  the  same d i r e c t i o n  as 
the  j o u r n a l  r o t a t i o n .  The motion of the  jou rna l  of the  j o u r n a l  a x i s  can 
be e i t h e r  con ica l  o r  c y l i n d r i c a l .  
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11. DERIVATION OF EQUATIONS TO BE SOLVED 

The o b j e c t  of  t h i s  s e c t i o n  i s  t o  o b t a i n  the  Reynolds equat ion  

i n  the  form 

L { u }  = f ,  

where L i s  a l i n e a r  ope ra to r ,  f i s  known funct ion  and u i s  the  

des i r ed  so lu t ion .  

method. Thus, we cons ider  the nondimensional Reynolds equat ion  

We may then obtain our s o l u t i o n  by Ga le rk in ' s  

We make the  fol lowing t h r e e  assumptions: 

(1) A i s  small (F .e . ,  may be used as a p e r t u r b a t i o n  parameter) ,  

(11) p does n o t  depend on t i m e  e x p l i c i t l y ;  i . e . ,  

.. . . 
(111) Time d e r i v a t i v e s  (e.g.  , k ,&,~ ,a)  are s m a l l  enough 

so as t o  make t h e i r  products n e g l i g i b l e .  

Then, us ing  Assumption (I), w e  wri te  

Thus , 

S u b s t i t u t i o n  of ( 2 )  and ( 3 )  i n  (1) g ives  
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from which, equat ing  l i$e pobers of A ,  w e  o b t a i n  

= 2{& + 2&} hp(k-l); k = 1 ,2 , .  . . 

Under Assumption (11) above, (5) becomes 

where 

f crJ = d r f / d t r  

k = 1 , 2 , . . .  

k n o t e  then,  t h a t  f o r  k .= 1, since p(O) = 1, (6) becomes 

For - Wl,  we t ranspose a l l  t e r m s  containing p @ ) ,  w i t h  R k ,  t o  t he  r i g h t  

s i d e  of  t he  equat ion  t o  o b t a i n  

j=l  1 J 
We now r e p r e s e n t  each per turba t ion  pressure  p(k) as t h e  sum of i t s  

s t e a d y  s t a t e  component and its time-dependent components i n  t h e  form: 

(from (6a), we no te  t h a t  f o r  k 11: 
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Using (8) and Assumption (111), we may w r i t e  

f o r  

k = 2 , 3  ..., 
j = 1 , 2 ,  ..., k. 

Then s u b s t i t u t i o n  of (8) and (10) i n  (7)  y i e l d s  

= 

r=l Po0 

a (k-1) + h k i l ( E  rri W+ ,[rip (k-1) 
P r  0 O r  r=l 

f o r  k = 2 , 3 ,  ... 
We note  (from (1)) t h a t  L i s  l i nea r ;  i . e . ,  L(au + bv}= aL {u}+ bL {v}. 

However, L a c t i n g  on a product i s  given by 

3 au  av 
+ - all av 

L{uv)= uL{v}+vL{u}+ 2h (s 
a2 32  

= uL (v}+ vL{ u} + 2M (u,v) 

We a l s o  now de f ine  the  "known" functions f ( Q , z )  by 

Po0 
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noting that any p(j) occuring in an expression for f(k) has j&. 

A. Steady State Equations 

Consideration of (ll), and use of the-relations (12) and 

(13) gives 

for k = 2,3,. . . 
B. Time-Dependent Equations (k = 2 , 3 , .  . . ) 

Again considering (ll), matching like E- and a- derivative 
terms, and using the relations (12) and (13) gives, after some 

manipulation: 

k- 1 
- c  
r =1 

(k-1) 
2hPk- 1 0 



C. S t a t i c  S t a b i l i t y  Derivat ives  

We are a l s o  i n t e r e s t e d  i n  ob ta in ing  equat ions  f o r  t h e  

d e r i v a t i v e s  of t he  s teady  s t a t e  pressures  wi th  r e s p e c t  t o  

E and Ct. Therefore ,  w e  consider  

We assume t h a t :  

(1) A l l  necessary  de r iva t ives  e x i s t ,  and 

(2) h i s  independent of z.  

Then, d i f f e r e n t i a t i n g  the above express ion  by E, we o b t a i n  

I J 

Simi la r ly ,  a d i f f e r e n t i a t i o n  by y i e l d s  

Thus, f o r  any power k of the pe r tu rba t ion  s e r i e s  (2) f o r  p,  

w e  have obtained a se t  of par t ia l  d i f f e r e n t i a l  equat ions  f o r  

the  s t eady  s t a t e  pressure  , the  time-dependent p re s su re  com- 

ponents,  and the de r iva t ives  of t h e  s t e a d y - s t a t e  p re s su re  

wi th  r e spec t  t o  E and CI a l l  of which are i n  the  form 

L (u} = f 

s u i t a b l e  f o r  numerical so lu t ion  by the Galerkin method. 

We summarize these  below f o r  k = 1 and 2.  

k = 1: 

where 



and 

k = 2: 

where 
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and 
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III. SOLUTION BY GALERKIN'S METHOD 

In  the  p re sen t  r e p o r t ,  w e  ou t l i ne  b r i e f l y  the  s teps  followed 

i n  so lv ing  our  equat ions  by Galerk in ' s  method. 

equ iva len t  t o  the  Rayligy-Ritz procedure i n  any problem where a 

minimum p r i n c i p l e  a p p l i e s ,  as i n  t h i s  case.  A complete d i scuss ion  

i s  given i n  [2]. 

This  method i s  

We cons ider  t he  p a r t i a l  d i f f e r e n t i a l  equat ion  

We assume t h a t  (See Figure 1.) 

h = 1-E COS (@-a).  

As boundary cond i t ions ,  w e  have 

From the  above i t  follows t h a t  u i s  an even func t ion  of z ,  i . e . ,  

- 
We assume an approximate so lu t ion  u ( Q , z )  of the  form 

N M 

n =1 m=l 

- 
( e , z )  = c z (2)  c c 0, (e ) ,  n mn 

where the  func t ions  Z ( z )  and @ (e)  a r e  l i n e a r l y , i n d e -  

pendent elements of a complete s e t  ( t . e . ,  a set  complete i n  the  sense 

of  t he  Weiers t rass  approximation theorem 131 , and s a t i s f y  the  

n m 

( 2 7 )  
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boundary condi t ions  (29).  In  our  case ,  w e  choose 

[ y l  rcD , 
L Z n ( Z )  = cos 

The cmn are undetermined c o e f f i c i e n t s .  

Thenj following the  procedure ou t l ined  i n  [2], we determine the  

c o e f f i c i e n t s  c from mn 

p / 2  L/D 

so [L  {u)-f] Zv(z)@ (8)dz de  = 0,  * LB/2 M 

f o r  v = 1 , 2 ,  ..., N ;  p = 1,2 ,..., M. O r ,  
n 

f o r  V = 1 , 2 ,  ..., N ;  p = 1 , 2  ,..., M. 

Ord ina r i ly ,  t o  o b t a i n  the  c o e f f i c i e n t s  c w e  would have t o  

i n v e r t  a mat r ix  of  o rde r  MN x MN. However, wi th  our choice 

of Zn(z) and the  assumption on h (Eq. 28), t he  o r thogona l i ty  

of the  cosine func t ions  requi res  t h a t  n = V ,  and (33b) becomes 

p a r t i a l l y  uncoupled. Therefore,  we have i n s t e a d  N matrices 

each of order  M x M t o  inver t .  

mn ' 

I n  the  preceding s e c t i o n ,  we der ived  the  fo rc ing  terms f 

corresponding t o  each pressure component and t h e  s t eady  s t a t e  

pressure  d e r i v a t i v e s  with respec t  t o  E and a. We now cor re s -  

pond t o  each of these  a set of c o e f f i c i e n t  ma t r i ces :  



The uncoupling i n  z described above permits  us  t o  w r i t e  t h e  

systems t o  be inve r t ed  as fol lows,  f o r  each va lue  of n (n =1, 

2 , . . . , N ) :  

p = 1 , 2 , .  . . ,My (35a) 

p = 1 , 2 , .  . . ,My (35b) 

1 = 1,2 ,  ... M. (35c)  

I n  each of t h e  above, t h e  elements of the  matrices A a r e  
llm ;n 

i d e n t i c a l ,  and are given by 

m fll 
m + p odd 

m f l l  
m + p even 
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where 

3 

K = mn/p , m 
2n-i nD h = (F) L .  n 

Note that the A matrices are symmetric in IJ. and m. They 
also contain some removable singularities. The limiting values 

of terms in (36) are given as follows: 

pm ;n 

The computational procedure to obtain pressure is then as 

follows : 

1. Calculate the A matrices from (36) and invert them. 

2. For the appropriate pressure component obtain the force- 
Pm ;n 

ing term from E q s .  ( 9 ) ’  (14)-(17). These are given in 

more detail for k = 1,2 in E q s .  ( 9 ) ,  (18)-(26) on pages 

3. Obtain the matrix of @ vectors from E q s .  (35). 

4. Obtain the coefficients c by multiplying the CP vectors 
n 

mn n 
by the corresponding inverses of the A matrices. 

CLm ;n 
5. The pressure component is then found using E q s .  (34)’ (8) 

and (2). 
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I V .  CALCULATION OF FORCES 

The dimensionless  fo rces  along and perpendicular  t o  the  l i n e  

of c e n t e r s  are denoted F and F r e s p e c t i v e l y ,  and are given by R T 

= 2 j  cos  ( e d )  1 p dz de,  
FR -p/2 0 

8 / 2  L I D  
= - 2  f s i n  ( ( 3 4 )  1 p dz de,  

FT -6/2 0 

N M  
@m zn p =  G C  c 

mn n= l  m = l  

i n  ( 3 8 ) ,  w e  may then i n t e g r a t e  d i r e c t l y  t o  o b t a i n  

F o s  ( p / 2 ) s i n  a, (m odd) 1 
X 

l s i n  ( ~ / 2 ) c o s  a, (m even)] J 
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V. EXTRAPOLATION PROCEDURE 

By use of  Richardson 's  e x t r a p o l a t i o n  procedure (see e.g.  [4J), and 

Tanner 's  use * of e x t r a p o l a t i o n  i n  [I] , w e  may use r e s u l t s  computed 

wi th  d i f f e r e n t  va lues  of M and/or N t o  o b t a i n  a c l o s e r  approximation 

t o  the  t r u e  so lu t ion .  We w i l l  assume t h a t  t h e  z dependence of our  

s o l u t i o n  can be obtained wi th  very few func t ions  Z . Henceforth,  

w e  cons ider  N f i xed .  Then, i f  we use two va lues  of M, w e  o b t a i n  the  

e x t r a p o l a t i o n  formula 

n 

2 2 2 2  
F = (M2 E2 - Mi Ei) / (Mz - M1), 

where 

F = ex t r apo la t ed  r e s u l t ,  

Ei = computed r e s u l t  f o r  M = Mi; i = 1,2 .  

It i s  of i n t e r e s t  t o  include a s h o r t  d i scuss ion  of e r r o r  growth 

i n  the  c a l c u l a t i o n  of f ( k )  f o r  successive va lues  of k. 

t r u n c a t i o n  e r r o r  per  c a l c u l a t i o n  f ixed .  

N are f ixed .  Obviously, the  g rea t e r  M and N t o  begin wi th ,  the  lower 

the  t runca t ion  e r r o r ,  from the  Weiers t rass  theorem). Thus, f o r  a 

g iven  k, w e  have 

We assume 

(That i s ,  w e  assume M and 

where 

t h  
p$)= ca l cu la t ed  pressure  a t  t he  + s t a g e  of computation, 

t h  
p(k) = t r u e  pressure  a t  the + s t a g e ,  

t h  
E (k) = e r r o r  a t  the s tage.  

To c a l c u l a t e  f (k i- r equ i r e s  d e r i v a t i v e s  of P ( ~ ) .  But, i n  

[2], i t  i s  shown t h a t  the  e r r o r s  i n  the  f i r s t  d e r i v a t i v e s  of the  

s o l u t i o n  func t ion  are of the same o rde r  as those i n  the  s o l u t i o n  

* 
I n  [l] , Tanner used a three- term ex t r apo la t ion ,  wherein the  f i r s t  term 
obviously was no t  good. I f  he had used h i s  two b e t t e r  approximate va lues  
i n  a n  e x t r a p o l a t i o n  of t he  form (40) above, h i s  r e s u l t s  would have been 
much c l o s e r  t o  those he used as a s tandard.  
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func t ion  i t s e l f .  Thus, i t  can be seen  t h a t  while  e r r o r  does inc rease  

wi th  k, t he  process  i s  e s s e n t i a l l y  s t a b l e  i n  t h a t  a l l  e r r o r s  i n  the  

(k + 1) s t a g e  are of o rde r  and t h e r e f o r e ,  h ighe r  va lues  of k 
can  be computed i f  the  i n i t i a l  t runca t ion  e r r o r s  are kept  low. 
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VI. SAMPLE RESULTS 

A d i g i t a l  computer program has  been w r i t t e n  t o  perform the  

c a l c u l a t i o n s  ind ica t ed  above for  k = 1. Cur ren t ly  being checked 

o u t  i s  a subrout ine  t o  extend these r e s u l t s  t o  the  case  k = 2. 

Some computer program results are g iven  h e r e i n .  The phys ica l  

i n p u t s  were as fol lows:  

Shoe angle  = 120' 

Angle of l i n e  of centers Q: = 60' 

L/D = 1.0  

E c c e n t r i c i t y  r a t i o n  E = 0.01, 0 .8  

Resu l t s  were computed wi th  N = 2 ,  and wi th  two va lues  of M: 4 and 6. 

A t a b u l a t i o n  fo l lows:  

orce  

Component 

E = 0.01 

4 

0.00187 

0.0038k 

0.3453 

0.3732 

0.1899 

0.3869 

0.00169 

0.00178 

M 

6 

0.00187 

0.00384 

0.3467 

0.3730 

0.1898 

0.3874 

0.00170 

0.00177 

co 
(Extrapo - 
l a t i o n )  

0.00187 

0.00384 

0.3479 

0.3728 

0.1897 

0.3878 

0.00171 

0.00176 

_- 
E = 0.8 

4 

1.367 

1.111 

5.533 

3.417 

9.397 

5.569 

-2.030 

~ 1 . 8 6 1  

M 

6 

1.490 

1.140 

6.865 

3.726 

11.081 

5.859 

-1.693 

-1.807 

- 
a, 

(Extrapo- 
l a t i o n )  

1.589 

1.164 

7.931 

3.973 

12.428 

6.091 

-1.423 

-1.764 
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A p l o t  of t he  s t e a d y  state f o r c e s  and p res su re  p r o f i l e  i s  

g iven  as Figure 1. 

those  obtained i n  E], and good agreement was found. 

The above r e s u l t s  have been compared w i t h  
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CONCLUSIONS 

1. The approach descr ibed  h e r e i n  provides a f a s t ,  inexpensive,  

accura te  method of ob ta in ing  p a r t i a l  a r c  and p ivoted  shoe 

bear ing da ta .  

2. It ope ra t e s  over a wide range of cond i t ions  ( inc lud ing  high 

va lues  of E), over which d i f f i c u l t y  i s  encountered i n  o t h e r  

( e .g . ,  i t e r a t i v e )  approaches. 

3. The express ions  given i n  the  present  r e p o r t  inc lude  compres- 

s i b i l i t y  e f f e c t s  of a l l  o rders  ( i . e . ,  powers of A). The computer 

program can be extended t o  obtain these  h igher  o rde r  e f f e c t s .  
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RECOMMENDATIONS 

A. Computer Program 

It i s  recomended t h a t :  

1. The computer program be extended t o  inc lude  second-order 

e f f e c t s  (k = 2) .  

The program be modified so t h a t  Richardson 's  e x t r a p o l a t i o n  

procedure i s  performed automat ica l ly  by t h e  computer. 

2. 

- n  
I). rrogrammirig 5e l ~ i c l u d e d  so as  t o  perr'orm numerical quadra tures  

f o r  h igher  compress ib i l i t y  e f f e c t s  (va lues  of  k), s ince  a n a l y t i -  

c a l  procedures  are no t  p r a c t i c a l .  

B. Appl ica t ions  

1. The computer program should be used t o  genera te  des ign  c h a r t s  

f o r  p a r t i a l  a r c  gas bearings a t  h igh  ambients t o  check and sup- 

plement p r e s e n t l y  a v a i l a b l e  da t a .  

2. The dynamic force  de r iva t ives  c a l c u l a t e d  by t h i s  computer pro- 

gram can be incorpora ted  in to  r o t o r  dynamkcs a n a l y s i s  t o  s tudy  

c r i t i c a l  speeds and frequency response.  

3. The s t a t i c  and dynamic force d e r i v a t i v e s  can be used t o  calcu-  

l a t e  the  th re sho ld  speed of i n s t a b i l i t y  of  r o t o r s  supported 

i n  p a r t i a l  arc bear ings.  

This  computer program can be used as a subrout ine  i n  a l a r g e r  

program t o  s tudy s t a t i c  and dynamic c h a r a c t e r i s t i c s  of mul t i -  

lobe  and p ivoted  shoe bearings.  

4 .  
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